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diluted Cr®* ions in corundum, # where Cr* sub-
stitutes for A1®* without change of site symmetry,

Gu=1.85cm™, Gg=1.55cm™,

The present values are of the same order of mag-

| >

nitude.

The theoretical part of this paper can be trans-
posed mutatis mutandis to other antiferromagnetic
crystals of different symmetries provided the mag-
netization easy axis is an acoustical axis. This
includes, for instance, the case of MnF,.

TWork supported in part by the Délégation Générale i
la Recherche Scientifique et Technique.

*Associated with the Centre National de la Recherche
Scientifique.

1c. Kittel, Phys. Rev. 110, 836 (1958).

’H. Matthew and R. C. Le Craw, Phys. Rev. Letters
8, 397 (1962).

3R. Guermeur, J. Joffrin, A. Levelut, and J. Penné,
Solid State Commun. 5, 369 (1967). The authors take
this opportunity to point out that, when a parabolic law
is supposed for the internal magnetic field along the rod,
their result must be corrected to b, =12.9 x108 erg/cm?
(T'=4.2°K, v=10"Hz). Value of H, can be deduced:
Hﬁ= - 220 G.

R. Guermeur, J. Joffrin, A. Levelut, and J. Penné,
Solid State Commun. 6, 519 (1968).

5J. R. Boyd and J. D. Gavenda, Phys. Rev. 152, 645
(1966). -

®M. Boiteux, P. Doussineau, B. Ferry, J. Joffrin,
and A. Levelut, Solid State Commun. 8, 1609 (1970).

'S. Foner, Phys. Rev. 130, 183 (1963).

8Y. Shapira, Phys. Rev. 187, 734 (1969).

%Y. L. Wang and H. B. Callen, J. Phys. Chem. Solids
25, 1459 (1964).

103, v, Peletminskii, Zh. Eksperim. i Teor. Fiz. 37,
452 (1959) [Sov. Phys. JETP 37, 321 (1960)].

Uy, A. Savchenco, Fiz. Tverd. Tela 6, 666 (1964)
[Sov. Phys. Solid State 6, 864 (1964)].

12y, Shapira and J. Zak, Phys. Rev. 170, 503 (1970).

3R, L. Melcher, J. Appl. Phys. 41, 1412 (1970).

4R, L. Melcher, Phys. Rev. Letters 25, 235 (1970).

15M. Boiteux, P. Doussineau, B. Ferry, and U. T.
HOchli, J. Phys. Radium 32, 496 (1971).

16y, N. Upadhyaya and K. P. Shina, Phys. Rev. 130,
939 (1963).

173, A. Al’tshuler, B. I. Kochelaev, and A. M. Leu-
shin, Usp. Fiz. Nauk 75, 459 (1961) [Sov. Phys. Usp.
4, 880 (1962)].

18w, 1. Dobrov, Phys. Rev. 134, A734 (1964).

B¢, Kittel, Quantum Theory of Solids (Wiley, New
York, 1963).

2E, J. Samuelsen, M. T. Hutchings, and G. Shirane,
Physica 48, 13 (1970).

%p, 1. Donoho, Phys. Rev. 133, 1080 (1964).

PHYSICAL REVIEW B

VOLUME 4,

NUMBER 9 1 NOVEMBER 1971

Scattering of Polarized Electrons from Magnetic Materials

L. Vriens
Philips Reseavch Laboratovies, N. V. Philips’ Gloeilampenfabrieken, Eindhoven, The Netherlands
(Received 17 May 1971)

Cross-section formulas for large-angle (e, ¢) and for coincidence (e, 2¢) scattering of fast
electrons from gaseous and solid targets are derived. It is shown that the momentum and
spin-density distribution of the bound electrons can be obtained from single (e, e¢) scattering
of polarized electrons. It is also shown that the electronic spin- and energy-dependent mo-
mentum-density distribution can be obtained from (e, 2e) scattering of polarized electrons.
An (e, 2e) experiment with unpolarized electrons gives the energy-dependent momentum dis-

tribution.

A comparison is made with related methods, like Compton scattering, and the

feasibility of the suggested experiments is discussed.

I. INTRODUCTION

Recently, several papers!~%5-10 dealing with
electron-momentum-density distributions in atoms,
molecules, liquids, and solid materials have ap-
peared. Three experimental techniques have been
used for obtaining these distributions (a fourth less
straightforward method is briefly discussed at the
end of this paper).

and Currat ef al.® The momentum distribution is
obtained in this case from the frequency distribution
of the x rays scattered through a fixed angle. The
same information can be obtained from the angular
distribution of x rays of a suitable frequency.

The second method involves large-angle and
large-energy-loss scattering of fast electrons from
gases or solids (reflection or transmission through
thin films). This technique was applied already

more than 30 years ago® for gaseous He and H,. The
momentum distribution is obtained either from the
energy distribution® of the electrons scattered
through a particular angle, or from the angular

The first method involves large-angle Compton
scattering of x rays. Theoretical and experimental
aspects of this method have been described in much
detail by Eisenberger and Platzman, ! Eisenberger,?
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distribution® of the electrons scattered with a par-
ticular energy loss.

The third method is related to the second one in
that it involves scattering of fast electrons. It is
different in that scattered and ejected electrons are
detected in coincidence. Such (e, 2e¢) measurements
have been reported already by Amaldi et al.® Also,
several theoretical papers have appeared on this
subject. ™10

The coincidence technique allows one®1° to select
a particular energy band in the target and to obtain
the energy-dependent electronic-momentum-density
distribution p(E, E), while the first two methods only
yield p(k), where p(K)= [ p(K, E)dE. This more
detailed information is obtained at the cost of or-
ders-of -magnitude lower count rates and corre-
spondingly longer measuring times.

The theory used to describe large-angle Compton
scattering™? is closely related to the one used for
large-angle electron scattering.’-!° The plane-wave
approximation is made in describing the fast-ejected
(recoiled) electron, and the mathematical tech-
niques employed in boththeories are almost identical
to one another, !

Recently, Platzman and Tzoar!? introduced a new
concept into the theory of Compton scattering: the
determination of the spin-dependent momentum dis-
tribution of electrons in ferromagnetic materials by
(incoherent) Compton scattering of polarized x rays.
In the present paper we show that the spin-dependent
electronic-momentum-density distribution can be
obtained also from scattering of polarized electrons.
It is shown that the spin effect is a large first-order
effect in electron scattering, provided appropriate
scattering (and ejection) angles are used. In Comp-
ton scattering it is a relativistic effect, which is
large only if the x-ray energies are comparable to
the rest mass of the electron. Furthermore, it is
shown that the coincidence technique can be used
again to determine in this case the spin- and ener-
gy-dependent momentum distribution p(k’, E, 0).

II. TRANSITION MATRIX ELEMENTS

In this paper we use a,, the Bohr radius, as unit
of length, give cross sections in units of a2, repre-
sent momenta by their wave vectors K in units of
ay!, and give energies in Rydberg units.

The Born transition matrix element for single
scattering of an electron from an N-electron system

(atom, molecule, or solid) may be written as™®
T= Z;j Tj = (2,”)-32j (e‘ks‘ ;0 ll)f( i'.]_ cee ;N)

X|1/rosle oy (1o Fy)y, (1)

where xTo and T, to FN are the position coordinates
of the incident electron and of the bound electrons,
respectively, l'f, and Es are the initial and final mo-
menta of the primary electron, and y; and y, are
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the initial- and final-state wave functions of the N-
electron system. Integration over r, yields

Ty =(1/20%K2) (YA Tye - Ty) [ [9(Fre o Fy)
(2
where K= k.; -k's is the momentum transfer. For
very large K, expiﬁ- F, oscillates rapidly and T; is
very small unless {; contains a term which oscil-
lates in phase with expiK-r;. This situation is en-
countered in fast electron ejection, in which case

¥y may be approximated by the product-type wave
function

Pe(Tye oo T) = (2m)3 2% Fap (F oo o Ty, Tpge s Th) S
(3)
where the ejected electron with final momentum Ee
is described by a plane wave, as is justified when
kf very much exceeds the initial binding energy of

the jth electron. For the initial-state wave function
we may use the expansion

P Tye oo Ty) =20, @ (T ) (Tye e “Tias Tpug* Ty) ,
4

where the i, represent a complgte set of N -1 elec-
tron wave functions and the ¢,(r;) are expansion
coefficients, which itself may further be expanded
into a complete set of one-electron wave functions
(4 ’/l( ;j):

ACADIRGIRDIMENE 5)

where (11, n) are fractional parentage coefficients.”
The latter expansion need not be used in this
paper.

Substitution of (3) and (4) into (1) and transforma-
tion to momentum space yields

T,=(1/2r%2)(8(k; + kK, -k, - K,)| ¢,(k;))) ,  (6)

where ¢4(K;) is the Fourier transform of ¢,(r;). In
Eq. (6), we may integrate over momentum space,
with the result

T;=(1/20% )¢ (K +K, —K;) . (7)

When the total wave functions are approximated by
product-type wave functions (e.g., Slater determi-
nants), then ¢,(r;) and ¢,(K) directly represent the
one-electron coordinate - and momentum-space wave
functions of the bound electrons.

III. COINCIDENCE CROSS SECTIONS

From the known relationship between matrix ele-
ments and scattering cross sections it follows that

ole, B, kg, k,)= 81k, /R}) |20, T;| 2
x6(k}-kZ-kZ-E),  (8)

where ole, E, &, &,) is the differential cross section
per unit energy interval about the energy loss € =k?
-k2 for scattering of the incident electron into a
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unit solid angle about %, and for simultaneous ejec-
tion of one of the target electrons, bound with the
“hole” energy E, into a unit solid angle about %,.
The 6 function is a consequence of energy conserva-
tion. For large momentum and large energy trans-
fer, hence when (K- (r, -r,)) is large compared to
unity and € is large compared to the relevant binding
energies of the target electrons, the scattering is
an incoherent process and |3,7;1% may be replaced
by 3; T;1% This simplification is also made in
Refs. 1, 2, and 12. For some further information
about conditions for which correlation terms (7;T})
are negligible, see Refs. 13 and 14.

We have now arrived at the conclusionthat large -
angle and large-energy-loss scattering of a fast
electron, resulting in the ejection of a fast electron,
may be described as a binary collision between the
two electrons. Because of the indistinguishability
of these electrons, we have to include exchange and
interference terms in the cross section formulas.
For two-electron interactions it is well known'® how
this should be done. From Egs. (7) and (8) we now

find
. o~ 2k.E -
ole, B, By, ko) = 5= 209,k + Ko =Ky ?
1 1 1+ cosé
X(F*E"W‘“)
x6(k2-k2-B2-E), (9)

where 6;; is the angle between the spm d1rect1ons of
the two interacting electrons and S= k; —k Equa-
tion (9) implicitly assumes that the spin dlrections
of the interacting electrons do not change throughout
the collision.

In the case of unpolarized incident electrons and/
or an isotropic spin distribution in the target, we
have to average over 6;; and the term cosé;; van-
ishes. The (e, 2¢) experiments reported so far®1®
and the theoretical papers on this subject have been
confined to such unpolarized incident beams and
isotropic targets.

From Eq. (9) it follows that spin anisotropies
will show up most clearly when S=K. This situation
is encountered when scattered and ejected electrons
are detected at equal but opposite angles on either
side of the primary beam, with symmetrically ad-
justed energy pass bands of the two analyzers.
Equation (9) is then reduced to

2k IR g
kK4El¢l 8+ke

-~ -~

ole, E, ky, k,)

-k)l®

X(l -—cosG,I)G(k%—kg—kf_ _E) ’ (10)

and the term 1 ~ cosé;; varies between 0 and 2,
“which implies that the spin effect is a significant
first-order effect.
So far we have confined ourselves to targets con-
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tammg only a finite number of bound electrons;

o3 ,(k +k, —K;)1? represented the momentum distri-
bution of the jth electron. 3;l¢,(K,+K, K2

X 6(k2 -2 ~kZ2~E) represented the momentum dis-
tribution of the electrons bound with the energy E,
and 3;1¢;(K +k, ~k;) 1 %1 - cosé,;) (k —kZ -k’ - E)
represented the corresponding spin-dependent dis-
tribution.

For solid targets, we get the scattering cross
section per unit volume by simply replacing the
summations over a finite number of electrons by
the corresponding density distributions. Instead of
Eq. (9) we may write

2k, k
)

0(6’ E: ]'és, Ee)= € pE(Es+E8_E1)

x(——1—+ 1 1+(cos9¢}E>
KT st K’s?
x8(kf -k2-kE-E), (11)
and Eq. (10) is replaced by
2ksk - - =
ole, E, s:k)“_—}e_s_'%pE(ks+ke_k{)
X (1 —(cos8;)g)0(k: —kZ~-k2~E) ,
(12)

where pg(K,+K, -K,;)=pg(k) is the ok, E) of the
introduction. From Eq. (12) it follows that the
spm- and energy-dependent momentum distribution
p(k E, 9) is obtained by multiplying the measured
ole, E, kg, k,) by k;K*/2kk,, and by appropriately
varying 6;. When the variation in 6; results from a
rotation of the target, one may expectto find anisot-
ropies caused by the spin distribution (1 (cosG‘)E)
as well as® by anisotropies in pg(K, +K, -K,). The
latter effect may be studied separately w1th an un-
polarized electron beam.

IV. SINGLE-ELECTRON SCATTERING

The single- (e, ¢) scattering cross section o(¢, &)
is obtained from Eq. (11) by integrating over (i) all

hole energies E and (ii) all angles of ejection of the

second electron. We find

~\ 2Rk - -
ale, kg) = ks £ pe(ks+k, —k;)
(- )
x 8(k2 - -E)dE dk,.  (13)

Spin effects show up most pronouncedly when the
first and the second term within the large parenthe-
ses of Eq. (13) give about equal contributions to the
integral. For the weakly bound electrons in the
solid, which may chiefly be responsible for the
magnetization, pg(K) has its principal maximum
near k=0 and is very small for large k. If we si-
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multaneously require that Es+ ﬁe zl?,, K~S, and
E~0, thenk; K ,=k%=4k?, which implies that the
electron detector should be placed at an angle of
45° with respect to the primary beam, and its en-
ergy pass band should be adjusted to one-half of the
primary energy. A deconvolution will further be
necessary to obtain o(k, 6)=[ p(K, E, 6) dE from the
o(e, k) measured (i) in a range of angles about 45°
with respect to K ;, or (ii) in a range of energies
about 3k%. As mentioned before, one cannot dis-
tinguish in a single-scattering experiment between
different binding energies. However, the weakly
bound outer electrons occupy a much larger volume
of coordinate space than the strongly bound inner
electrons. Conversely, the outer electrons occupy
a much smaller volume of momentum space and the
o( I_E, 6) for small k corresponds chiefly to the outer
electrons, while for large K it corresponds chiefly
to the inner electrons.

V. COMPARISON WITH COMPTON AND NEUTRON
SCATTERING

If we compare the electron scattering cross sec-
tion o(e, I%s) with the corresponding Compton scat-
tering formulas of Refs. 1, 2, and 12, we see that
our pg(K), with K=K ,+K, —K,, directly corresponds
to the | f(po)l 2in Eq. (20) of Ref. 1. Furthermore,
if we assume (as was done in Refs. 1, 2, and 12)
that the target electrons with initial momentum K
are free and therefore have a binding energy E
=—k? then (k2 -k2-k2-E)=6(c —K*-2K*K) and
we have reproduced the 6 function encountered in
Eq. (20) of Ref. 1 [see also Egs. (11) and (14) of
Ref. 12]. The spin effect in electron scattering is
quite different from that in Compton scattering. In
electron scattering it is a larger effect.

Platzman and Tzoar!? have further discussed the
coherent scattering of x rays, which process is
analogous to neutron scattering. Coherent (diffrac-
tive) scattering is characterized by small values of
K and €; it involves either elastic scattering or
collective small-¢ excitations. Information is ob-
tained about the form factors which are the Fourier
transforms of the coordinate-space wave functions
squared. In this paper we have confined ourselves
to large-K and large-€ single-particle (electron)
excitations. Information is obtained about the
Fourier transforms of the coordinate-space wave
functions #; and not about |9;|2 Hence, there is
hardly any overlap between diffractive scattering
and large-K and large-¢ scattering.

In coherent (diffractive) scattering of high-energy
electrons (HEED), € and K are also very small
compared to kf and S. One can completely neglect
exchange scattering and the HEED patterns for non-
relativistic (<40 keV) electrons are not affected by
spin anisotropies. For relativistic electrons, addi-
tional spin terms are introduced in the cross-sec-
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tion formulas; it remains true, however, that the
HEED patterns are unaffected by spin anisotropies.

An advantage of neutron and x-ray scattering as
compared to electron scattering is the much larger
penetration depth of neutrons and x rays in matter.
An advantage of incoherent electron or Compton
scattering as compared to diffractive neutron or x-
ray scattering is that also noncrystalline materials
can be studied.

VI FEASIBILITY OF EXPERIMENT

In measuring scattering of fast electrons from
magnetic targets, one wishes to keep deflections of
the electrons in the magnetic field of the target as
small as possible. It is helpful already that we
confine ourselves to fast electrons (e.g., from 4
to 40 keV). If one uses small pieces or thin films
of magnetic material, no further problems are to
be expected in large-angle and large-energy-loss
scattering of polarized electrons. The techniques
of working with beams of polarized electrons and
high-resolution electron-energy analyzers have been
described already in much detail in literature. " !®
The scattering cross sections are large enough to
give quite acceptable count rates. A review about
single scattering of polarized and unpolarized elec-
trons from unpolarized and polarized atomic beams
and from surfaces is given by Kessler.!” Almost
all of the work reported there involves elastic scat-
tering and again hardly any overlap can be found
with the processes discussed here.

Coincidence measurements are much more diffi-
cult to perform than single-scattering experiments.
Firstly, since one is most interested in the
o(k, E, §) for small K, K, should lie in or very near
to the plane formed by f{'i and Es. Bulk materials
cannot be studied therefore (either the recoiled or
the scattered electron would penetrate into the ma-
terial and lose its energy in multiple collisions).
Coincidence measurements are practically possible
only with thin (<1000-2000 A) crystalline or non-
crystalline films and fast ( >10-40 keV) electrons.
These limits arise from the condition that multiple
scattering should be negligible. Multiple scattering
may also smear out to some extent the energy and
angular distribution of fast electrons scattered
through about 45° from a “bulk” material (not from
a thin film).

In an (e, 2¢) experiment, electron-energy analyz-
ers and polarized electron beams again do not pre-
sent insurmountable problems. The major problem
encountered® !® is the low count rates. This problem
is now considered in more detail. Let N¢ and I, be
the number of coincidences per second and the in-

cident electron current; then we have
Neo=(Iy/e)ole, E, kg, k)l ok, Ak, A€, (14)

where e is the electron charge, 7, is the pathlength
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fr9m which coincidence scattering is measured,
Akgand Aiee are the opening angles of the two de-
tectors, and Ac is the energy pass band. For [,
~ 2000 (in units of a,, hence about 1000 A), A%,

= Ak, ~3x10 (rad), Ac=2x10"2(=0.27 eV), and
I,=10"® A, we have

Nex(2x10%)ole, E, ky, F,) . (15)

For 45° scattering, with K~S and k2~kZ~ k%, we
find, according to Eqs. (12) and (15),

Nc=(10%/k3)px(K, 6) . (16)

If we now assume that the energy band selected in
the solid contains two electrons per eV, that the
solid contains 3x10% atom/ cm®, and that the pri-
mary electron energy is 20 keV, then

Nc=2fz (k) , (17)

where fz(K) is the probability distribution of k,
which distribution is normalized to unity. For
small E, fE(l? ) will be sharply peaked near k=0
and f; (k) may be of the order of 0.5-(0.5x10).
The corresponding count rates of 1-10"%s"! imply
that a 5% accuracy is obtained with integration times
exceeding 7 min to 100 h. Such integration times
are quite common in nuclear physics. The coinci-
dence experiment, although difficult and time con-
suming, should therefore be considered to be a
possible experiment.

VII. CONCLUDING REMARKS

Throughout this paper we have described the in-
cident and the two outgoing electrons by plane
waves. This is justified only when the kinetic en-
ergies of these electrons very much exceed the
relevant binding energies in the target. When one
of the outgoing electrons is slow, the scattering
cross sections are not proportional any more to the
momentum density distributions and correlation
terms are no longer negligible. The plane-wave
approximation is the most essential approximation
made in this paper.

A second, but well justified, approximation made
is the one that the spin-flip cross sections are neg-
ligibly small for nonrelativistic electrons.*®

Thirdly, after having paid so much attention to
polarized electrons, we should note that (e, 2e) ex-
periments with unpolarized electrons, with the pur-
pose of getting information about band structures
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in thin films, have not yet been reported in litera-
ture. These measurements are easier to perform
than the ones with polarized electrons, because it
is much simpler to get an “intense monoenergetic”
unpolarized electron beam.

Further, we should note that the attempt has also
been made®'? to obtain the momentum and spin
density distribution p(k, 6) from the angular corre-
lation between the two v quanta resulting from posi-
tron annihilation (e*e~, yy). When fast positrons are
incident on a (e.g., magnetic) material, they are
first thermalized before annihilation takes place.
The chief difficulty encountered is that the slow
positrons polarize the surrounding electron gas, 2
which makes the interpretation of the experimental
data much less straightforward than in x-ray and
fast-electron scattering.

Finally, to clarify the position of the present work
from a more general point of view, we add two
references. The first one is to Vredevoe and de
Wames, 2 who studied “magnetic scattering of elec-
trons from crystals and polarization of the scat-
tered beam.” The relation to the present work is
that exchange effects are also discussed. The ef-
fects considered by Vredevoe and de Wames differ
from the ones dealt with here in that the former
effects?? are largest at small primary energies and
small scattering angles. Also, a theoretical treat-
ment? of scattering of slow electrons must include
distortion effects and is of a far from trivial nature,
in contrast to the situation encountered in large-
angle scattering of fast electrons (this paper and
Ref. 10). Secondly, we refer to Raether, ?® who has
reviewed the experimental work on characteristic
energy-loss measurements. A significant part of
this sort of work is done with fast-electron beams
and in this aspect it is related to our work. The
differences are again that characteristic energy
losses (usually between 0.1 and 300 eV) are much
smaller than the energy transfers considered here
(about 10 keV for a 20-keV primary beam) and that
small (or zero) scattering angles are used for
studying these small losses.
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Measurements of the attenuation coefficient of longitudinal ultrasonic waves have been made

on a single crystal of chromium near the spin-flip order-order transition.

Measurements were

made for sound propagation along a (100) axis with the crystal in the normal state and after mag-

netic field cooling through the Néel point in two different geometries.

Considerable differences

in behavior were found between the different magnetic geometries and also upon applying a large
magnetic field near the spin-flip temperature. A mechanism involving switching of the polar-
ization of the spin density waves at domain boundaries is proposed to account for the results.
The relaxation time associated with this switching is estimated to be 10710 gec,

INTRODUCTION

It has been recognized in the last few years that
ultrasonic attenuation studies near phase transi-
tions can give valuable information about phase-
change mechanisms as well as enable the determi-
nation of the critical indices which characterize
the transitions.!™® Of particular interest in this
connection is the study of chromium, since it is
now well established that below 312 °K chromium is
an antiferromagnet of the spin-density-wave type.
Between about 122 and 312 °K the spin density waves
are transversely polarized. As chromium is cooled
through the spin-flip temperature Ty at 122 °K, it
undergoes a first-order phase transition, and the
spin polarization changes from transverse to longi-
tudinal. The variation of the sound attenuation near
the Néel temperature T, was previously studied by

O’Brien and Franklin® and by Luthi, Moran, and
Pollina,” who observed a large peak in the absorp-
tion at Ty. We have performed similar measure-
ments near the order-order transition at Ty and
report the results in this paper.

EXPERIMENTAL PROCEDURE

The measurements were made on two polycrystal-
line-samples of lengths 0. 941 and 1.010cm, and one
single crystal of chromium of length 0.815 cm. The
polycrystalline samples were spark cut from a bar
supplied by MRC and annealed in a vacuum of better
than 10" mm Hg for about 10 h at 1250°C. A grain
structure etch showed that the samples consisted
of several grains from 1 to 5 mm in diameter. The
resistance ratios of the samples after annealing
were both 130. The single-crystal sample, pre-
pared from a bar supplied by Aremco, was spark



